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Direction Cosines of a Line

When a line in space is taken in a definite sense from one extreme
to the other, the line is said to be
directed. '

For a directed line OP passing
through the origin the anglese, B
and 7, formed by OP with the X, y
and z axes respectively, are called
the direction angles of OP, and the -
cosines of these angles, that is, cose,
cosp, cosy are called the direction
cosines (d. cs., in short) of OP.

The direction cosines of a line
are generally denoted by [, m, n.

Then ¢ g



Relation between direction cosines »
If a directed line throungh the origin makes apgles a, B, v with the
x, ¥, = axes respectively, to prove that

cos?u+cos?p+cos?r=1
- P gy s e

where /, m, n are the direction cosines of the directed line.



Let OP be the directed
jine through the origin making 4
angles a, B, v with the X, Yz e
axes respectively.

Copsider now any point
P(x, y,z) on the directed line.

let OP=r. |

From P draw PQ perpendi-
cular to the z-axis.

Then Q =2z
and £ QOP=y. R

From right angled triaugle QOP,

oQ =
COSY == — = == =, O 2 =rCoSsY.
oP r

Similarly drawing perpendiculars from P on x and 3 axcs,wegeif

“ x=rcosa and y=rcosf,
Now OP =r
or VXt yit-zt =y or x*-+yi-tz? - e
or ~ ricos’a + F0s'p +ricosty =1t
or . r‘(cos"a +CO8*H ?§-¢053'7) w rE
F..-----;-u-;.- ........... b |
o . 3 coskc -—-cos*&&-cos*’rm | e

—— A - - h—»’-“-ﬂ““"'-*ﬂ'J

If ! =cosa, m =c0sB, n =CosY,

. .:h_‘"‘ 4 rw-—aunc“m.,"-“._?
then .0 P Brm el
L L-c - ~‘~ aaaaa ‘J =3



DirectiOn Ratios or Direction Numb
er

Any set of numbers a, b, ¢ that are proportional to the direction
cosines of a line are called direction numbers or direction ratios of
the line. They are written in the form [a, b, ] or (a, b,c) ora, b, ¢
and will be referred to as the direction of the line. ‘



To find the direction Cosines from

the direction ratios of a line
Let 7, m, nand a, b, ¢ be the direction cosines and the direction

ratios of the given lino. Since the dircction cosines are proportional
to the dircction ratios, thereforo

&

=l
a_b_C _kea —J 13
T m n (say)
or a=kl, b=km, c=kn, w5 (1)

where & is called the constant ol pcifo ftipaalddy.

Squaring and adding these equations, We get
a® + b2+ c? = k(12 m?+n?).

But J24-m2+4nt=1.

B @b =k or k= +/a%+ b3+
a | a
R G
b b
or¥ i\/a2+b2+cz »

n=k—:t‘\/a2+b2+02 g
where the sign- of radical is either positive throughout or negative

throughout, depending on which of the two possible directions of the
~line is desired.

-
A

To find the direction cosines and the du‘ectmn ratios of the hne-
segment joining two gwen points (x,, J’1. Zy) and (xz, Yas zz)



o

Let the given points (x,, Vi, 2z;) and (x,, - p
tvely £ and Q. Join P and Q.,“ A Zao v 24) Be respec-
From P draw PR perpendicu-
jar to the plane =, passiog 4%

through @ and parallel 10 /

¥OY plane. Join R-Q. As
PR plapen, itis perpendi-

5 ‘
> Dn.y2.25) / *

cular 10 .;e,vcrgil line in 1?53 | 7

plape x and hence to [l | v n

Clearly PR=(z co-ordinate _ Plxy.yr4)

of B) 7 4y

—(z co-ordinate of P)
={zco-~ordinate of Q) —z;,
for R, Q are both on the %
plane = || plane XOY
=Z§'~,Z;-
Let the d. cs. of £Q be 1, m, n. Then [=co0s¢, m == CO5P, n=COLY.

Now <~ RPQ =7, as PR ) OZ.
From right angled APRQ,

24 - .
.cosy=,_{)_.‘(_z_' or n=22_"%1. or PQ=

rQ° PQ

NG i, { /T ~—s e
Bimilarly PQ :__%_1__1& and PQ =22 mJ’: )

Hence 2 4
7 m n
| B e e e T ]
Thus . (1) the direction cosines of PQ are
3 3
3 Xe—=X1 o™ Zo—Zy :
PQ 7 PQ ° PO -
- ] o . “ S - 1
2nd ! (ii) the direction ratios of PQ are :
: Xo =1, Y2 —F1o To—Zq. ]
- G N Y e B - LR S R P



Let

To find the angle between two
(,, my, m,) and (s Mg 1y) Are given.
¥

ryy
A
Mpr=-pPtup12
RSN
'f: 'I\ \‘
I!& >O‘x2»)’2!22}
A -t
0 Y

X

lines whose direction cosines

Let the given lines in space
be AB and A4C, whose direc-
tion cosines are Ttespectively
(4, my, my) and (I, 7, na).

In order to find the angle
8 between AB and A4C,
consider the radius vectors

"OP and OQ drawn from the

origin and parallel to 4B and
AC respectively. Let P and
Q be respectively (X, ¥»i, Zy)
and (xy, ys, Z3) Obviously OP
and OQ have the same
directions as AB and 4C, and
hence the angle POQ is e.
Join P and Q. Let OP=r,
and OQ =r.,.

From P draw P M perpendicular to the axis of z. Then OM —zl.

b ]

LMOP =v,.
From right angled triangle OAfP,

or 21=nlr1.

' z
COSYy=———: Or n,="=1-
1T 0P o
Similarly x1=hLry, y1=mr,
and

S .
X 334z, =y and x;%+y,2 —1—22*=r., .

Xa=1IeTo, Yo=myly, Za=n,r,.
We have also /,2+ ml"—l—nl =1, I,2+m,?

o

: Now PQ*-(xl—-xq)~——(}’ —¥2)? +(z;—z,)2

e

=(x,*+ y1 *+z2)- +(x,2 +¥g° S -29%) — —2(xyx,3+

Y1¥e '7‘2122)

=r2ps_

" i 2(1112r1r°*n21m°r 7s —Lnxn2r 17 o)

el ey -Zfzfa(lll +mmytany, < s
By trigonometry, cosp=_9P*+00Q*—-PQ2

20P.00



or - cosp="1 -y b P 24

+2r,riglxlz~,~m1m,,+njnz‘)
; 2rira
e T 17'2(11[2‘%'”11”22‘*"11?12) .
: 2ryry '
Hewe | com=ltmmin L

This gives the required angle.

: Corolfﬁgfé 1. To find the coadition of perpendicularity of two lmeg
in space.

Here

8=90°, then cos8=co0390°=0.
But

cos8=1l,-+-m,m,-<-n,n,.
Henc= the necessary aad sufficient condition that the twee.

%
with dicection cosiaes (/,, m,, n;) aad (f,, my, n,) are at Eigﬁt
angles is .

O S i 1
Wbl o 3%

Corollary 2. To find sing, where ¢ is the angle between two lines
, with d. cs. (4, my, n;) and (L, m,, n,).

The well known Lagrangs"s Identity of Algebra,
(I 5-my?-=ny {12+ m 2 +n2)— (lef"'mim-‘an”a)z

= (mny—myn; )+ (n, I"-’"'zll_)z“'(llm«_lzmz)z
<an be easily verified.

If (5;, m,, n)) and (., my, ) bﬂ the direction cosxn‘*s of two
lines, then Prm?in?=1, 12 +mitnl=1
and

Cosg= 11[:"'”7177%“'”17%
Substituting these values in the Izs-:range s Identity, we get
1—c05% =(myny — M)+ (mly — 22l V2 (L, — L, P
o siS=(mm—mny -l —nl P+ m— LY
R S TP EETITT
ot Eina= V(s —man Pl — L P (I my —Lm R %

This gives sins.




